Abelian sheaves were introduced by the second author as higher dimensional generalizations of Drinfeld modules and as the appropriate analogues of abelian varieties in the arithmetic of function fields. In this article we devellop their elementary theory regarding morphisms, isogenies, Tate modules, and study their reducibility up to isogeny into direct sums of simple components. Over finite fields we investigate their endomorphism algebras and obtain similar results to Tate's famous results for abelian varieties. Since abelian sheaves with characteristic different from ∞ are the same as Anderson's pure t-motives equipped with additional structure at ∞, all our results are also valid for pure t-motives.
Introduction
In the arithmetic of number fields elliptic curves and abelian varieties are important objects to study and their theory has been vastly develloped in the last two centuries. For the arithmetic of function fields Drinfeld [Dr1, Dr2] has invented the concepts of elliptic modules (today called Drinfeld modules) and elliptic sheaves, both as the analogues of elliptic curves. Since then the arithmetic of function fields has evolved into a parallel world to the arithmetic of number fields which is equally rich. As for higher dimensional generalizations of elliptic modules or sheaves there are different notions, namely Anderson's abelian t-modules and t-motives [An] , DrinfeldAnderson shtuka [Dr3, HH] , or abelian sheaves which were introduced by the second author in [Ha] . We claim that among all these generalizations abelian sheaves are the appropriate analogues for abelian varieties. This is strongly supported by the results in [Ha] and the present article. It is due to the fact that abelian sheaves have the feature of purity built in as opposed to t-motives or Drinfeld-Anderson shtuka. For example non-zero morphisms exist only between abelian sheaves of the same weight.
Let us recall the definition of abelian sheaves. Let C be a connected smooth projective curve over F q and let ∞ ∈ C(F q ) be a fixed point. For every F q -scheme S we denote by σ the endomorphism of C × Fq S that acts as the identity on the coordinates of C and as b → b q on the sections b ∈ O S . Now an abelian sheaf F = (F i , Π i , τ i ) of rank r and dimension d over S consists of the following data: a collection of locally free sheaves F i of rank r on C × Fq S satisfying a certain periodicity condition. These sheaves are connected by two commuting sets of morphisms Π i : F i → F i+1 and τ i : σ * F i → F i+1 such that coker Π i and coker τ i are locally free O S -modules of rank d, supported respectively on ∞ × S and on the graph of a morphism c : S → C called the characteristic of the abelian sheaf. An abelian sheaf of dimension 1 is the same as an elliptic sheaf. In this sense abelian sheaves are higher dimensional elliptic sheaves. The notion of abelian sheaf is related to Anderson's t-motives. In fact, if the characteristic is different from ∞ an abelian sheaf over a field is nothing but a pure t-motive equipped with additional structure at infinity; see [Ha, §2] . Let Q be the function field of C. Then the endomorphism algebra of an abelian sheaf is a finite dimensional Q-algebra. In contrast the endomorphism algebra of an abelian variety is a finite dimensional algebra over the rational numbers. Through this fact abelian sheaves belong to the arithmetic of function fields. Strictly speaking abelian sheaves behave dually to abelian varieties. For example whenever one uses abelian subvarieties there one has to use abelian factor sheaves here, and so forth.
In this article we devellop the elementary theory of abelian sheaves. We investigate their (quasi-)isogenies and show that the group of quasi-isogenies of an abelian sheaf equals the group of units in its endomorphism Q-algebra. Next we address the question whether every abelian sheaf over a field is semisimple, that is isogenous to a direct sum of simple abelian sheaves. An abelian sheaf is called simple if it has no non-trivial abelian factor sheaves. This question is the analogue of the classical Theorem of Poincaré-Weil on the semisimplicity of abelian varieties. By giving a counterexample we demonstrate that the answer to the question for abelian sheaves is negative in general. On the positive side we show that every abelian sheaf over a finite base field becomes semistable after a field extension whose degree is a power of the characteristic. These results also apply to (pure) t-motives showing that one should not hope for a precise analogue of the Poincaré-Weil Theorem for them. At least over finite fields semisimplicity after base field extension is the best possible. Also over finite fields we show that the semisimplicity of an abelian sheaf F is equivalent to the semisimplicity of its endomorphism Q-algebra and to the semisimplicity of its Frobenius endomorphism. If F is semisimple we determine the dimension and the local invariants of the endomorphism Q-algebra of F depending on its Frobenius endomorphism. Also we show that two semisimple abelian sheaves over a finite field are isogenous if and only if their Frobenius endomorphisms have the same minimal polynomial or equivalently the same characteristic polynomial on their Tate modules. These results parallel Tate's celebrated article [Tat] on abelian varieties over finite fields. However there are some more subtle differences besides the failure of the Poincaré-Weil Theorem due to inseparability with which Tate had not to cope. To prove these results a major tool are the Tate modules of abelian sheaves and the analogue of Tate's conjecture on endomorhisms which we derive from Tamagawa's fundamental result [Tam] . 
Notation
In this article we denote by F q the finite field with q elements and characteristic p, C a smooth projective geometrically irreducible curve over F q , ∞ ∈ C(F q ) a fixed F q -rational point on C, C ′ = C {∞} A = Γ(C ′ , O C ) the ring of regular functions on C outside ∞, Q = F q (C) the function field of C, thus we have C ′ = Spec A and Q = Quot A (with Quot A meaning the quotient field of A). Furthermore, we denote by Q v the completion of Q at the place v ∈ C, A v the ring of integers in Q v . For v = ∞ it is the completion of A at v.
All schemes, as well as their products and morphisms, are supposed to be over Spec F q . Let S be a scheme. We denote by σ S : S → S its q-Frobenius endomorphism which acts identically on points of S and as the q-power map on the structure sheaf O S , C S = C × S the base extension of C from Spec F q to S, σ = id C ×σ S the endomorphism on C S which acts identically on C and as the qFrobenius on S.
. This notation applies in particular to the divisor D = n · ∞ for n ∈ Z.
1 Elementary Theory of Abelian Sheaves
Definition of abelian sheaves
Let S be a scheme and fix a morphism c : S → C. Let J be the ideal sheaf on C S = C × S of the graph of c. Let r and d be non-negative integers.
Definition 1.1 (Abelian sheaf ). An abelian sheaf F = (F i , Π i , τ i ) of rank r, dimension d and characteristic c over S is a collection of locally free sheaves F i on C S of rank r together with injective morphisms
subject to the following conditions (for all i ∈ Z):
1. the above diagram is commutative, 2. there exists integers k, l > 0 with ld = kr, and for all such k, l the morphism
Remark. 1. By the second condition coker Π i is only supported at ∞. Moreover, the periodicity condition implies F i+nl = F i (nk · ∞) and thus τ i+nl = τ i ⊗ 1 for all n ∈ Z. 2. Trivially, r = 0 implies d = 0 since in this case we have all F i = 0. Due to the second condition, the converse is also true because d = 0 implies r = l k d = 0 since the existence of such k, l = 0 is required. Without this the converse would in general not be true, because for example
has coker id O C S = 0 and therefore d = 0, but r = 1. This justifies the demand of the existence of such k, l = 0 since we do not want to consider the "degenerate" case r > 0, d = 0.
The case r = 0, d = 0 however is desired because it allows the zero sheaf 0 := (0, 0, 0) to be an abelian sheaf of rank 0 and dimension 0. Trivially, the zero sheaf satisfies the second condition for all pairs k, l > 0.
For F = 0 the second condition is particularly satisfied by the pair k, l > 0 with ld = kr and k, l relatively prime. In the following, we always mean by k, l this minimal pair of integers. Definition 1.2. Let F be an abelian sheaf of rank r, dimension d and characteristic c over S. We set
We call w(F ) the weight of F.
As a convention, an abelian sheaf F without further specifications comes with all its parameters F i , Π i , τ i (i ∈ Z) and r, d, k, l with (k, l) = 1. Similarly F ′ carries a prime on its parameters, like F spots a tilde on them, and so on. Note that the characteristic c is fixed.
From now on we suppose S = Spec L to be the spectrum of a field L, and we write C L instead of C S . In particular, we can consider coker Π i and coker τ i as d-dimensional vector spaces over L. Consistently, we denote C ′ L = C L {∞}. With this assumption the term "annihilated by J d " in the fourth condition can be equivalently reduced to "supported on the graph of c". Since L is a field, the graph of c consists of only one point, and coker τ i can be considered as a d-dimensional vector space over L. So the condition that coker τ i is supported on the graph of c implies that the ideal sheaf J annihilates coker τ i in a sufficiently large power. Since any nilpotent endomorphism of a d-dimensional vector space vanishes in its d-th power, we get the original condition as a consequence.
Fq such that c * :
Fs and let a ∈ F q . Now consider the following diagram.
This gives an example of an abelian sheaf F of rank 2, dimension 1 and characteristic c over Spec F s with w(F ) = 1 2 . Since the dimension is 1, this abelian sheaf comes from a Drinfeld Module.
1 , and we calculate
→ F s {τ } be the ring morphism mapping t → ϑ − aτ + τ 2 . Then we have back the Drinfeld Module ϕ of rank 2 over F s which induces the abelian sheaf F.
Proposition 1.4. Let F be an abelian sheaf and D ⊂ C a divisor. Then
is an abelian sheaf of the same rank and dimension as F.
is exact the proof is straightforward ones one notes that To prove that non-zero morphims between abelian sheaves can only exist if they have the same weight we first need a lemma.
Morphisms
for some divisor D ⊂ C and some n ∈ N with coker f being a torsion sheaf. Since σ = id C ×σ L is flat being the base change of the flat morphism σ L : Spec L → Spec L, we have
and therefore deg σ * G = deg G due to the additivity of the degree in exact sequences. Finally, if G is an arbitrary coherent sheaf, then
for some torsion sheaf G ′ and some locally free coherent sheaf G ′′ because this sequence exists locally due to the fact that all local rings are principal ideal domains. Thus deg σ * G = deg G, as desired.
Proof. Let 0 = f ∈ Hom(F, F ′ ) and let i ∈ Z. Consider the sheaf Hom(
and the set of all its locally free subsheaves
Then the set of their degrees deg M is bounded above with upper bound M . As a reference for this fact, see for example [Se, Le. 1.I.3] .
Suppose
But, by 1.7, we see that for every non-zero locally
This is a contradiction and shows d ′ r ≥ dr ′ . The converse d ′ r ≤ dr ′ follows analogously.
Kernel sheaf and image sheaf
In this section we show that the kernel and the image of a morphism of abelian sheaves are themselves abelian sheaves. For this purpose, we need a supplemental assumption. We have to exclude the case that the characteristic c : Spec L → C maps Spec L to ∞. Proposition 1.9. Let F and F ′ be abelian sheaves of characteristic different from ∞ and let f ∈ Hom(F, F ′ ). Then the kernel sheaf and the image sheaf
are abelian sheaves.
Proof. We will conduct the proof for ker f and im f simultanously. If f = 0, then ker f = F and im f = 0, and we are done. Otherwise, we have a non-zero morphism between F and F ′ , and by proposition 1.8 we conclude k = k ′ and l = l ′ .
Let i ∈ Z. Since all local rings of C L are principal ideal domains the elementary divisor theorem yields that ker f i ⊂ F i and im f i ⊂ F ′ i are locally free coherent sheaves. The induced morphisms Π i := Π i | ker f i andτ i := τ i | σ * ker f i map injectively into ker f i+1 since σ * ker f i = ker σ * f i due to the flatness of σ. Similarly, we get this for
Let F i := ker f i and let F i := im f i . As a next step, we examine coker Π i . Consider the diagram 0
By diagram chase we get an injective morphism coker Π i → coker Π i . Thus coker Π i is a torsion sheaf like coker Π i , and we have by the exact sequence
For the image sheaf, we have to go a bit further. By the snake lemma, we complete the diagram to
Thus coker Π i is also a torsion sheaf, and we analogously conclude that the rankr := rank F i is independent of i. To show that F and F are abelian sheaves let Π and Π ′ be the identifying morphisms
, respectively. Since Π and Π ′ are isomorphisms we obtain the same for
whence the periodicity condition 2.
To establish conditions 3 and 4 we need that the characteristic is different from ∞. Let c : Spec L → C ′ and let
Similar to the diagram chase for the coker Π i , we get an injective morphism cokerτ i → coker τ i . Hence the support of cokerτ i lies outside ∞, and we have
Now the exact sequences
We conclude
Clearly, cokerτ i is supported on the graph of c due to its injection into coker τ i . Again, this argument adapts to coker Π i and cokerτ i , as well.
Corollary 1.10. Let F and F ′ be abelian sheaves of characteristic different from ∞ and let f ∈ Hom(F, F ′ ) be a morphism.
f is injective if and only if ker
f = 0.
f is surjective if and only if
im f = F ′ .
Isogenies
In the theory of abelian varieties the concept of isogenies is central defining an equivalence relation which allows a classification of abelian varieties into isogeny classes that are larger than isomorphism classes. In the following, we adapt the idea of isogenies to abelian sheaves, but for this purpose some modifications to the "classical" term of isogenies will arise.
Definition 1.11 (Isogeny). A morphism f between two abelian sheaves
We denote the set of isogenies between F and F ′ by Isog(F , F ′ ).
Proposition 1.12. Let F and F ′ be abelian sheaves of the same rank and dimension. Then every injective morphism between F and F ′ is an isogeny.
Proof. By the theorem of Riemann-Roch there exists a rational function t ∈ Q on C without poles outside ∞. This function defines an inclusion of function fields F q (t) ⊂ Q und thus a (flat and surjective) morphism between the respective curves ϕ :
Fq by [HH, Prop. 1.6 ]. Now we choose an F q -valued point P ∈ P 1 Fq which is different from the characteristic and from the support of coker f and we defineÃ := Γ(P 1 
As for M ′ and τ ′ we proceed analogously. Now chooseÃ-bases of M and M ′ . This is possible sinceÃ is a principal ideal domain and that was the reason why we constructed ϕ. According to these bases, the endomorphisms τ and τ ′ and theÃ-morphism g : M → M ′ which is induced by f can be described by quadratic matrices D, D ′ and H, and we have the formula D ′ σ * H = HD.
Let ζ := c * (z) ∈ L. By the elementary divisor theorem we find matrices U, V ∈ GL r (A ⊗ Fq L) with
In an algebraic closure of L there exists a λ with
and, due to the σ-invariance, even a ∈ F q [ z ] =Ã (and hence λ ∈ L). Again using the elementary divisor theorem one sees that a annihilates coker g. Now our proof is complete as the support of coker f is contained in the divisor of zeroes (ϕ * (a)) 0 ⊂ C.
Proof. Let f ∈ Isog(F , F ′ ) and let i ∈ Z. By the exact sequence 0
Due to the second condition of isogenies, coker f i is a torsion sheaf and we get r ′ = r. If f = 0, then we trivially have F = 0, therefore F ′ = 0 and thus d = d ′ = 0. Otherwise, using proposition 1.8, we can calculate
For the cokernel condition of isogenies, let coker f i and coker
Let us write the cokernels as factorsheaves and consider the exact sequence
remain injective and the support of coker f i ⊗ 1 equals the support of coker f i .
Quasi-morphisms and quasi-isogenies
Example 1.15. Let us start with an affine example. Let L = F s (s = q e ), A = F q [ t ], and let f ∈ Isog(F , F ′ ) be an isogeny such that the support of every coker f i lies inside a strict closed subscheme V (a) ⊂ Spec A. As a property of the support all coker f i are annihilated by a power of a, saying a N · coker f i = 0. With this notice, we consider the following diagram.
According to this idea, we would like to construct the dual isogeny f ∨ to f between the abelian sheaves F ′ and F , but unfortunately the multiplication by a N is not an endomorphism on F i nor on F ′ i . Whereas a N maps A → A, we globally have to admit poles, namely the poles of a N , to the structure sheaf.
We start by defining quasi-morphisms and quasi-isogenies between F and F ′ which allow the maps to arbitrarily produce finite sets of poles.
Definition 1.16 (Quasi-morphism and quasi-isogeny). Let F and F
′ be abelian sheaves.
commutes where the two arrows on the right are the natural inclusions.
Clearly, the relation ∼ defines an equivalence relation on the set of quasi-morphisms between F and F ′ where the transitivity is seen by 
Remark.
1. Obviously, it holds for f 1 ∼ f 2 , that f 1 is a quasi-isogeny if and only if f 2 is a quasi-isogeny. This justifies our definition of QIsog(F , F ′ ). 2. By applying 1.4, propositions 1.12 and 1.13 hold for quasi-morphisms and quasi-isogenies as well, since every quasi-morphism
) with the same divisor D ⊂ C. In particular we can form the sum
Since poles are negligible, we can extend this structure to a Q-vector space by now being able to admit multiplication by elements of Q.
where (a) ∞ denotes the divisor of poles of a, and we define
Quasi-morphisms can be composed. Let F , F ′ and F ′′ be abelian sheaves and let
, respectively. In order to compose f ′ and f , we have to raise f ′ to be a morphism from F ′ (D). We achieve this by simply tensoring with
, and we can define the composition
All these operations are well-defined which can easily be seen by similar diagram arguments to that we presented for the transitivity of ∼. Altogether we obtain Corollary 1.18. Let F and F ′ be abelian sheaves. With the above given structure, we have
Remark. The spaces QHom(F , F ′ ) and QEnd(F ) are finite dimensional over Q. One can show this in an elementary way like in the proof of [Go, Thm. 4.7.8 ]. In our case, it will be a direct consequence of the Tate conjecture for abelian sheaves which will be established in part 2.
Corollary 1.19. The composition of quasi-isogenies is again a quasi-isogeny.
Proof. This follows directly from 1.14.
As an abuse of notation, we will write f ∈ QHom(F,
Remark 1.20. For every a ∈ Q * , the multiplication by a is a quasi-isogeny on F. Since a injects F i into F i ((a) ∞ ) and commutes with the Π i and the τ i , it is a morphism of abelian sheaves. Additionally, its cokernels are supported on (a) 0 ⊂ C, the divisor of zeroes of a.
Now we come back to the idea of defining a dual isogeny like in the affine case of example 1.15. As already mentioned, a global definition fails because the annihilating multiplication by a N is not a morphism between F i and F ′ i . This problem will now be solved by using quasi-morphisms and quasi-isogenies.
Let F and F ′ be abelian sheaves and let f ∈ Isog(F , F ′ ) be an isogeny. By the annihilating property of the support, we can find a ∈ Q * with a · coker f i = 0 for all i ∈ Z. Now consider the following diagram.
As in 1.15, we get a morphism f i ∨ :
Collecting these f i ∨ together, we obtain a dual morphism of abelian sheaves
which is a quasi-morphism between F ′ and F . We will check that f ∨ is a quasi-isogeny. Remark. The dual morphism f ∨ clearly depends on the choice of a, and if C = P 1
Fq then there is in general no canonical choice of a.
Proof. The injectivity of the f i ∨ follows from the fact that the f i and the multiplication by a = 0 are isomorphisms at the generic fiber. For the cokernel condition let D ⊂ C be the support of the coker f i and consider the factorsheaves
By this exact sequence and since f ∨ i • f i is just multiplication by a, we have the support of
As a next step, we want to show that quasi-isogenies between abelian sheaves are invertible. Till now, we can assign to every isogeny in Isog(F , F ′ ) a dual isogeny in QIsog(F ′ , F ) such that their composition corresponds to the multiplication by some non-zero a ∈ A. Since quasi-isogenies are isogenies as well, this works directly for every quasi-isogeny f ∈ QIsog(F ,
, and we define the inverse of f by
Proof. Apply 1.21, 1.20 and 1.19 for f −1 to be a quasi-isogeny. Now we calculate (writing tensors omitted) 
Simple and semisimple abelian sheaves
In the last section of this overview of abelian sheaves and their morphisms we want to draw some first conclusions in our study of the structure of QEnd(F ). Definition 1.27. Let F be an abelian sheaf.
1. F is called simple, if F = 0 and F has no abelian factorsheaves other than 0 and F.
F is called semisimple, if F admits, up to quasi-isogeny, a decomposition into a direct sum
F ≈ F 1 ⊕ · · · ⊕ F n of simple abelian sheaves F j (1 ≤ j ≤ n).
F is called primitive, if its rank and its dimension are relatively prime.
Remark 1.28. It is not sensible to try defining simple abelian sheaves via abelian subsheaves, since for example the shifted abelian sheaf (F i−n , Π i−n , τ i−n ) by n ∈ N is always a proper abelian subsheaf of (F i , Π i , τ i ). Furthermore we have for every non-zero divisor D ⊂ C a strict inclusion F(−D) ⊂ F. As mentioned in the introduction, this shows that abelian sheaves behave dually to abelian varieties. Namely an abelian variety is called simple if it has no non-trivial abelian subvarieties. Proposition 1.29. Let F be an abelian sheaf. If F is primitive, then F is simple.
Proof. Let F an abelian factorsheaf of F. Clearly, we haver ≤ r. Ifr = 0, then F = 0. Otherwise, the surjection f ∈ Hom(F , F ) is non-zero, and by 1.8 we getdr = dr. Since r and d are relatively prime, it followsr = r andd = d. Therefore, considering the ranks in 0 → ker f i → F i → F i → 0 , we conclude ker f i = 0 and hence f i is an isomorphism. Proof. Let f ∈ Hom(F, F ′ ) be a non-zero morphism. Since the characteristic is different from ∞, we know by 1.9 that im f is an abelian factorsheaf. As F is simple, we have F ∼ = im f and therefore f is injective. Thus, by 1.12, f is an isogeny. Remark. We will show in theorem 3.8 below that over a finite base field also the converses to these statements are true.
Proof. 1. We saw in 1.18 that QEnd(F ) is a Q-algebra. By 1.25, we can invert every quasi-isogeny in QIsog(F ). Thus, by proposition 1.30, QEnd(F) is a division algebra. 2. Let F ≈ F 1 ⊕ · · · ⊕ F n be a decomposition into simple abelian sheaves F j . By 1.26, we know that QEnd(F ) ∼ = QEnd(F 1 ⊕ · · · ⊕ F n ), so we just have to consider the decomposition. By proposition 1.30, we only get non-zero morphisms between F j and F i , if F j ≈ F i . Hence we can group the quasi-isogenous F j and decompose QEnd( (F j ν,1 ). Hence we conclude that each E ν is isomorphic to a matrix algebra over QEnd(F j ν,1 ) which completes the proof.
Tate modules of abelian sheaves 2.1 Short review of τ -modules and Tate modules
In the second part, our aim is to formulate and establish the Tate conjecture for abelian sheaves. This can be achieved due to Tamagawa's profound theorem which translates the Tate conjecture for abelian varieties to τ -modules over finitely generated fields. We will give a short review about τ -modules, their associated Tate modules and Tamagawa's theorem which we subsequently apply to abelian sheaves.
Let SpecÃ ⊂ C be an affine open subscheme.
Definition 2.1. A τ -module onÃ over L of rank r is a pair (M, τ ), where
For short, we will write M instead of (M, τ ). We denote the set of morphisms between M and M ′ by Hom(M, M ′ ).
We can pass from τ -modules onÃ to A v -modules at any place v ∈ SpecÃ where the support of coker τ does not meet v by defining the v-adic Tate module of a given τ -module in the following way.
Definition 2.2. Let M be a τ -module onÃ over L and let v ∈ SpecÃ such that the support of coker τ does not meet v. We set Proof. [TW, Prop. 6 .1].
Now we suppose L = F s to be a finite field with s = q e (e ∈ N). Let F s denote a fixed algebraic closure of F s and set G = Gal(F s /F s ). It is topologically generated by F rob s : x → x s . In the following, we introduce the s-Frobenius endomorphism on a τ -module M .
Definition 2.4. Let M be a τ -module over F s . Since σ e = id C Fs , we define the s-Frobenius on M by
which should be thought of by π = "τ e ".
Proposition 2.5. Let M be a τ -module onÃ over F s of rank r and let v ∈ SpecÃ such that the support of coker τ does not meet v.
The generator F rob s of G acts on
T v M like (T v π) −1 . 2. Let φ : A v [ G ] → End Av (T v M ) denote
the continuous morphism of A v -modules which is induced by the action of
Proof. 1 was proved in [TW, Ch. 6 ] and 2 follows since φ is continuous.
Remark. The inversion of T v π in the first statement results from the dual definition of our Tate module.
Definition 2.6. Let M be a τ -module onÃ and let v ∈ SpecÃ. We set
All statements given above apply over Q v to the rational v-adic Tate module, as well.
Theorem 2.7 (Tate conjecture for τ -modules). Let M and M ′ be two τ -modules onÃ over a finitely generated field L and let G := Gal(L sep /L). Let v ∈ SpecÃ such that the support of coker τ ′ does not meet v. Then the Tate conjecture holds:
Proof. [Tam] .
The Tate Conjecture for Abelian Sheaves
In this section, we apply the theory of τ -modules to abelian sheaves. Let L be again an arbitrary field. We call the image of c : Spec L → C the characteristic point of c. Let F be an abelian sheaf. Since coker Π i is only supported at ∞ for all i ∈ Z, we have by the Π's a chain of isomorphisms
So we only need to consider M := Γ(C ′ L , F 0 ), and we set τ :
Obviously, M is a locally free A ⊗ Fq L-module of rank r, and τ : σ * M → M is an injective morphism. Thus M is a τ -module on A.
Definition 2.8. Let F be an abelian sheaf and let M and τ as above. We call M the τ -module on A associated to F and denote it by M (F ).
Remark 2.9. More generally, if D ⊂ C is a closed subscheme, we setÃ := Γ(C D, O C ) and
If ∞ ∈ D and if there exists z ∈Ã with a simple zero at ∞, then we define
with Π := Π l−1 • · · · • Π 0 which depends on the choice of z. Note that by extending D it will always be possible to find such z ∈Ã in the case ∞ ∈ D. In both cases, M (D) (F ) is a τ -module onÃ and coincides with M (F ) from the definition above if we choose D = {∞}. The concept of M (D) (F ) was already used in the proof of 1.12 and will again be of use in the computation of the invariants of the algebra QEnd(F ) in theorem 3.13/5.
Definition 2.10. Let F be an abelian sheaf and let v ∈ Spec A be a place different from the characteristic point of c. We set
We call T v F (respectively V v F) the (rational) v-adic Tate module associated to F.
The following proposition connects the theory of quasi-morphisms of abelian sheaves to the theory of morphisms of their associated τ -modules.
Proposition 2.11. Let F and F ′ be two abelian sheaves of the same weight. Then we have a canonical isomorphism of Q-vector spaces
. We show both inclusions. Let f ∈ QHom(F , F ′ ). By the Riemann-Roch Theorem we can find some a ∈ Q such that a · f maps from F into F ′ (n · ∞) for some n > 0. Since a and f commute with the Π's and τ 's,
We have to construct a quasimorphism between F and F ′ . The map g induces a morphism f 0 :
. Then, inductively, we define
and analogously for i < 0. To pass to the projective closure, we allow divisors
Since F and F ′ have the same weight, we have the periodical identification
Take m := max{m 0 , . . . , m l−1 } and set D := m · ∞. Then f i :
Since the commutation with the Π's and the τ 's holds by definition, the collection of the f i is a quasi-morphism f ∈ QHom(F, F ′ ). Since both inclusions are inverse to each other and the first map is Q-linear, we have identified the desired isomorphism. 
. By 2.7, we have
After tensoring with ⊗ Av Q v we get
which can be changed into
By 2.11, we conclude
Corollary 2.13. Let F be an abelian sheaf. Then QEnd(F ) is a finite dimensional Q-algebra.
Proof. By the Tate conjecture 2.12, we easily conclude
Thus we get the exact sequence
The exactness being preserved, we consider the following diagram
The τ -invariant functor is left exact, because considering the morphism of A/v n -modules
− τ , and the desired left exactness follows from the snake lemma. Since the projective limit preserves left exactness as well, we get after tensoring with
Counting the dimensions of these Q v -vector spaces, we finally also get right exactness, as desired.
The Frobenius endomorphism
From now on we suppose L = F s to be a finite field with s = q e (e ∈ N). Let F s denote a fixed algebraic closure of F s .
In the following we introduce the s-Frobenius endomorphism on abelian sheaves. We will follow the ideas defining the s-Frobenius on τ -modules. Let ξ : F s → F s , x → x s denote the topological generator of the absolute Galois group G := Gal(F s /F s ) of F s .
Definition 2.15. Let F be an abelian sheaf and let n ∈ Z. We denote by
the n-shifted abelian sheaf of F which collection of F's, Π's and τ 's is just shifted by n.
It is trivial to see that F[ 0 ] = F and that F[ n ] is an abelian sheaf of the same rank and dimension as F for every n ∈ Z. Remark. For example, the collection of morphisms (Π i ) : F → F [ 1 ] defines an isogeny between the abelian sheaves F and F [ 1 ].
Definition 2.16 (s-Frobenius on abelian sheaves). Let F be an abelian sheaf. Since σ e = id C Fs , we define the s-Frobenius on F by
Proposition 2.17. Let F be an abelian sheaf and let π be its s-Frobenius.
π can be considered as a quasi-isogeny of F.
2. π coincides with the s-Frobenius on M (F). Proof. 1. Due to the periodicity condition, we have F [ e ] ⊂ F(nk · ∞) for a sufficiently large n ∈ N, since F i+e ⊂ F i+nl = F i (nk · ∞) for e ≤ nl. Thus π ∈ Hom(F , F (nk · ∞)), and therefore π ∈ QEnd(F). By 1.12, we have π ∈ QIsog(F ). 2. This follows from the definition of π and the commutation of the Π's and the τ 's.
Applications to Abelian Sheaves over Finite Fields

The Poincaré-Weil Theorem
In this section we establish an analogue for abelian sheaves of the Poincaré-Weil theorem as a consequence of the Tate conjecture. Originally, this theorem states that every abelian variety is isogenous to a product of simple abelian varieties, see [La, Cor. of Thm. II.1/6]. Unfortunately, we can not expect a full analogue of this statement for abelian sheaves as our next example illustrates. But, with a little restriction, we can achieve a pretty similar result in the special case where the base field is finite.
We construct an abelian sheaf F over L = F q with r = d = 2 and k = l = 1 which is not semisimple. Let
with α, β, γ, δ ∈ F q . To obtain characteristic c we need det ∆ = (1 − ζt) 2 , and thus we require the conditions α + δ = −2ζ and αδ − βγ = ζ 2 . We set
, we let Π i be the natural inclusion, and we let τ i := ∆. Then F is an abelian sheaf with r = d = 2.
We see that F is not simple. If ∆ = x y → y. If F was semisimple, then there would be a quasi-morphism ω : F ′′ → F with ψ • ω = id F ′′ , hence ω : y → e 1 · y for some e ∈ F q (t). Thus, a necessary condition for the semisimplicity of F is
which is equivalent to the condition σ * (e) − e = t 1 − ζt But this can not be true since σ * (e) − e = 0, thus F is not semisimple. However, this last formula is satisfied if e = λ · t 1−ζt for λ ∈ Fwith λ q − λ = 1. That means that after field extension F q (λ) / F q we get F ∼ = F ⊕2 with an abelian sheaf F of rank and dimension 1 andτ = 1 − ζt, and we have QEnd(F ) = M 2 (QEnd( F )) = M 2 (Q). Note that this phenomenon generally appears, and we will state and prove it in theorem 3.8/3.
From now on we fix a place v ∈ Spec A which is different from the characteristic point of c. For a morphism f ∈ QHom(F , F ′ ) between two abelian sheaves F and F ′ we denote its image
Remark 3.2. Notice that the completion Q v is separable over Q. Namely, in terms of [EGA, , we can state that O C,v is an excellent ring. Thus the formal fibers of O C,v −→ O C,v and therefore
This means that Q v ⊗ Q K is regular for every finite field extension K over Q. Since "regular" implies "reduced", we conclude that Q v is separable over Q. Proof. Let π v be semisimple and let µ = µ 1 · . . . · µ n ∈ Q v [ x ] be its minimal polynomial over Q v with distinct irreducible factors µ i , 1 ≤ i ≤ n. By the Chinese remainder theorem
where
Let F be an abelian sheaf over F s . We set
By 2.13, we know that dim Q E < ∞. Thus π is algebraic over Q. Due to the Tate conjecture, our situation can be represented by the following diagram where we want to fit the missing bottom right arrow with an isomorphism.
Proof. Consider the canonical isomorphism ψ : E ⊗ Q Q v ∼ = E v ⊂ End Qv (V v F) and set ϕ := ψ| F ⊗ Q Qv . Then ϕ is injective and maps into F v . Since im ϕ = Q v [ π v ], the surjectivity follows from 2.5.
Proposition 3.5. Concerning the diagram above, the following statements are equivalent:
Proof. 1. and 2. are equivalent by definition. So we show the equivalences from 2. to 6.
Let F be semisimple. Since Q v is separable over Q, we conclude that [Bo, Cor. 7.6/4] . Hence π v is semisimple by definition, and we showed in 3.3 that then E v ∼ = E ⊗ Q Q v is semisimple. Again by [Bo, Cor. 7.6/4] this implies that E is semisimple. Since F ⊂ Z(E) is a finite dimensional Q-subalgebra, we conclude by [Bo, Cor. of Prop. 6.4/9] . that F is semisimple, and our proof is complete.
Remark. In the implication 3. ⇒ 5. we use in an essential way that the base field is finite, since it is not true in general that the commutant E v of F v in End Qv (V v F) is semisimple. Likewise, in 6. ⇒ 2. we use that G and thus F is commutative.
Definition 3.6. Let F be an abelian sheaf over F s and let F s ′ /F s be a finite field extension. Then we define
Remark. Obviously, F ′ := F ⊗ Fs F s ′ is an abelian sheaf over F s ′ with π ′ = (π ⊗ 1) t for s ′ = s t , and we have a canonical isomorphism between V v F and V v F ′ .
For the next result recall that an endomorphism ϕ of a finite dimensional vector space V over a field K is called absolutely semisimple if for every field extension
The following characterisation is taken from [Bo, Prop. 9 .2/4 and Prop. 9.2/5].
Lemma 3.7. Let K be a field and let V be a finite dimensional K-vector space. Let ϕ ∈ End K (V ) be an endomorphism. Remark. For the implication 1.2. ⇒ 1.1. only the hypothesis on the base field is used and not the hypothesis on the characteristic.
ϕ is absolutely semisimple, if and only if there exists a perfect field extension
Proof. 1. We already saw 1.1. ⇒ 1.2. in 1.31/1. So we have to show 1.2. ⇒ 1.1. Let QEnd(F) =: D be a division algebra and let f ∈ Hom(F , F ′ ) be the morphism onto a non-zero factorsheaf F ′ of F. We show that f is an isomorphism. We know by 2.14 that
is surjective. By 3.5, π v is semisimple, and therefore V v F is a semisimple
. We can find some n ∈ N such that
, and therefore f • g = 0 in QEnd(F ′ ) due to the surjectivity of f . This implies
which is a contradiction. Thus g • f = 0 is invertible in D, and therefore f is injective. By that, f gives the desired isomorphism between F ′ and F. 2. We already saw 2.1. ⇒ 2.2. in 1.31/2. The equivalence 2.2. ⇔ 2.3. was shown in 3.5. So we only need to show 2.2. ⇒ 2.1.
Let QEnd(F ) be semisimple and let
be the decomposition into full matrix algebras
. Let e 1 , . . . , e n denote all these idempotents elements, n = m ν=1 µ ν , and choose a divisor D ⊂ C such that e j ∈ Hom(F , F (D)) for all 1 ≤ j ≤ n. Then n j=1 e j = id F in QEnd(F ) and therefore
Since e j is injective it is an isogeny by 1.12. Set F j := im e j for all 1 ≤ j ≤ n. Since QEnd(F j ) = e j · QEnd(F ) · e j is a division algebra, F j is a simple abelian sheaf by 1. Thus F ≈ F 1 ⊕ · · · ⊕ F n gives the decomposition into a direct sum of simple abelian sheaves F j as desired. 3. Let s ′ = s t for some arbitrary t ∈ N. Let F ′ := F ⊗ Fs F s ′ be the abelian sheaf over F s ′ induced by F. Let v ∈ Spec A be a place different from the characteristic point of c. Over Q v we can bring π v ∈ End Qv (V v F) into Jordan normal form by
for B ∈ GL r (Q v ) and for some λ j ∈ Q v , 1 ≤ j ≤ r. Thus, by a suitable choice of t ∈ N as a p-power, we can achieve that π ′ v = (π v ⊗ 1) t is of the form
Since Q v is perfect, we conclude by 3.7/1 that π ′ v and thus π ′ is absolutely semisimple.
The following corollary illustrates that, in contrast to endomorphisms of vector spaces, there is no need of the term "absolutely semisimple" for abelian sheaves over finite fields. 
we conclude by [Bo, Cor. of Prop. 6.4/9] that Q v [ π t v ] is semisimple, as well. As 
A quasi-isogeny criterion
The characteristic polynomials of the Frobenius endomorphisms on the associated Tate modules play an important role for the study of abelian sheaves. For example, we can decide on quasiisogeny of two abelian sheaves F and F ′ just by considering these characteristic polynomials. Moreover, we precisely evaluate the dimension of the vector space QHom(F , F ′ ) likewise due to the characteristic polynomials. 
their respective factorizations. Then we define the integer
Remark. In contrast to characteristic zero, we have in general different values of the integer r K for different ground fields
) with equality if and only if all irreducible µ ∈ K[ x ] which are contained in f and in g have no multiple factors in L [ x ] . This is satisfied for example if the greatest common divisor of f and g has only separable factors. 
with distict irreducible polynomials µ 1 , . . . , µ n ∈ Q v [ x ] and m i , m ′ i ∈ N 0 . Since π v and π ′ v are semisimple, we have the following decomposition 
2. Consider the following statements: 
2. First we show 2.1. ⇒ 2.2. ⇒ 2.3. Without loss of generality, F ′ can itself be considered as abelian factorsheaf of F. Then the first step follows from 2.14. Let now W be a G-factorspace of V v F and let ϕ ∈ Hom Qv[ G ] (V v F ′ , W ) be an isomorphism. Let π W be the endomorphism on W induced by π v and let χ W be its characteristic polynomial. By
into irreducible factors and set 
Thus also im T v (f ) has rank r ′ . Now we assume that the characteristic is different from ∞. Thus, im f is an abelian factorsheaf of F and im f → F ′ is an injective morphism between abelian sheaves of the same rank, hence an isogeny by 1.12. 3. Applying 2. it only remains to show 3.2. ⇒ 3.1. without the hypothesis on the charactersitic. For this purpose we just replace the last argument of the proof of 2.2. ⇒ 2.1. by the following: Since r = r ′ , f is an injective morphism between abelian sheaves of the same rank, hence an isogeny by 1.12.
The quasi-endomorphism ring
In this last section we study the structure of QEnd(F) for an abelian sheaf F where we finally calculate the local invariants of QEnd(F ) as a central simple algebra over Q [ π ] . For a more detailed introduction into central simple algebras, local invariants and the Brauer group, we refer to [Re, Ch. 7, [28] [29] [30] [31] . 2. Every embedding of F in an algebraic closure of Q ∞ gives π the absolute value s w(F) .
We have
4. Consider the following statements: 
and inv x E = 0 for any other place x ∈ C Fs .
Remark. In contrast to the invariants of the endomorphism ring of Drinfeld modules like they are presented in [Go, 4.12.8/2.] , we have the positive weight of the abelian sheaf as the invariant of E at ∞. This difference arises from the fact that passing from Drinfeld modules to abelian sheaves is a contravariant functor, see [BS, Thm. 3.2 .1].
Example 3.14. Let C = P 1 Fq , C {∞} = Spec 
which means that π v is not absolutely semisimple in characteristic 2. Moreover, we calculate r Qv (χ v , χ v ) = 1 · 1 · 2 = 2 whereas in the field extension Q v ( √ t) / Q v we have r Qv( √ t) (χ v , χ v ) = 2 · 2 · 1 = 4 in characteristic 2, 1 · 1 · 1 + 1 · 1 · 1 = 2 in characteristic different from 2.
By theorem 3.13/4. we have E = F = Q(π) commutative and [ E : Q ] = 2 = r. Moreover, | π | ∞ = | τ | 1/2 ∞ = q 1/2 and χ v is irreducible. But χ v is not separable in characteristic 2. Now we consider the same abelian sheaf over L = F q 2 . This means π = τ 2 = t ∈ Q and therefore χ v = (x − t) 2 . By theorem 3.13/5. we have F = Q(π) = Q and E is central simple over Q with [ E : Q ] = 4. Moreover, | π | ∞ = | τ | ∞ = q = (q 2 ) 1/2 . In this case, π v is absolutely semisimple.
Proof. 1. For this statement we need the theorem of bicommutation. Let F v and E v as above and consider V v F as F v -module. Since F v is semisimple, we know by [Bo, Prop. 5 .1/1] that the F v -module V v F is semisimple. The commutant of F v in End(V v F) is E v by definition. Trivially V v F is of finite type over E v . Thus, by the theorem of bicommutation [Bo, Cor. 4 .2/1], the commutant of E v in End(V v F) is again F v . We conclude Z(E v ) = E v ∩ F v = F v . By [Bo, Cor. of Prop. 1.2/3] we have F ⊗ Q Q v = F v = Z(E v ) = Z(E) ⊗ Q Q v . Considering the dimensions, we calculate
Since F ⊂ Z(E) and the dimensions are finite, we finish by F = Z(E).
2. This follows directly from [Go, Thm. 5.6 .10]. 3. Let
with distinct irreducible µ i ∈ Q v [ x ] and m i > 0 for 1 ≤ i ≤ s. Then Concerning the local invariants of E, we may perform an elegant computation. By the Tate conjecture 2.12, E ⊗ Q Q x is isomorphic to End Qx (V x F) ∼ = M r (Q x ) for all places x ∈ C Fs which are different from ε and ∞, so the local invariants of E at these places are 0. Since the sum of all invariants is 0 (modulo 1), we only need to calculate inv ∞ E.
As a first step, we show that F q l is contained in F s . In our situation, π lies inside Q. Thus, by 2. we get q m = | π | ∞ = s k/l for some m ∈ Z as | Q × ∞ | ∞ = q Z . Since q e = s, we conclude that e · k/l = m ∈ Z and hence l | e which implies F q l ⊂ F q e = F s .
Let now z ∈ Q be a uniformizing parameter at ∞ which further zeroes and poles are contained in a closed subscheme D ⊂ C, so we have Q ∞ = F q ((z)). Let M := M (D) (F ) with τ as introduced in 2.9 and letÃ := Γ(C D, O C ). Using the terminology of part 2, we find that M is a τ -module onÃ. Moreover, τ is an isomorphism at ∞. This justifies the definition of the Tate module at ∞ by
since it is independent of D (but depends on z). The rational version of the Tate module V ∞ F is gained in the obvious way. Furthermore, we define with Π := Π l−1 • · · · • Π 0 and λ ∈ F q l such that F q (λ) = F q l , and we check that τ σ * Π = Πτ and τ Λ q = Λτ , hence Π, Λ ∈ End(M ) and also Π, Λ ∈ QEnd(F ). Furthermore, we set
and we conclude ∆ ⊂ End Q∞ (V ∞ F ). According to [Re, 30.1, 31.7] , the Q ∞ -algebra ∆ = (F q l ((z)) / F q ((z)), σ * , z −k ) is cyclic and is "the" division algebra over Q ∞ of rank l with invariant − k l . Consider the injective map
We will show that φ is an isomorphism onto E ∞ := End ∆ (V ∞ F ). For this purpose, we show that E is the commutant of Q[ Π, Λ ] inẼ := End(M ) ⊗Ã Q. For one direction, let f : M i → M i lie inside this commutant. Then f corresponds to a block matrix (f ij ) 0≤i,j<l with f ij · λ q j = λ q i · f ij . Therefore, we have f ij = 0 for i = j, and hence f ∈ End(M i ). Since Πf = f Π, we get f ∈ QEnd(F ) = E, as desired. Conversely, every f ∈ E corresponds to a block diagonal matrix
